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In this paper, we establish certain new Ramanujan’s Schläfli-type mixed modular equations.
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1. Introduction
In Chapter 16 of his second notebook [5], Ramanujan develops theory of theta-function
and his theta-function is defined by
f (a, b) :=
∞∑
n=−∞
an(n+1)/2bn(n−1)/2, |ab| < 1.
Following Ramanujan, we define
f (−q) := f (−q,−q2) =
∞∑
n=−∞
(−1)nqn(3n−1)/2 = (q;q)∞
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χ(q) := (−q;q2)∞,
where we employ the customary notation
(a;q)∞ :=
∞∏
n=0
(1 − aqn), |q| < 1.
A modular equation of degree n [3, pp. 213–214] is an equation relating α and β that is
induced by
n
2F1(
1
2 ,
1
2 ;1; (1 − α))
2F1(
1
2 ,
1
2 ;1;α)
= 2F1(
1
2 ,
1
2 ;1; (1 − β))
2F1(
1
2 ,
1
2 ;1;β)
,
where
2F1(a, b; c;x) =
∞∑
k=0
(a)k(b)k
(c)kk! x
k, |x| < 1,
with
(a)k = Γ (a + k)
Γ (a)
.
The multiplier m is defined by
m := 2F1(
1
2 ,
1
2 ;1;α)
2F1(
1
2 ,
1
2 ;1;β)
.
L. Schläfli [6] established certain identities, which provides relations between P and Q,
where
P := 21/6[αβ(1 − α)(1 − β)]1/24
and
Q :=
[
β(1 − β)
α(1 − α)
]1/24
,
for β having degrees 3, 5, 7, 11, 13, 17, and 19, respectively, over α. Ramanujan
recorded eleven Schläfli-type mixed modular equations in his first notebook [5, pp. 86, 88].
B.C. Berndt [4, pp. 379–384], employed the theory of modular forms to prove these results.
N.D. Baruah [1] proved two of these equations by deriving some theta-function identities
from Schroter’s formulae. Recently Baruah [2] proved seven of these on employing Ra-
manujan’s theta-function identities, Schläfli-type modular equations and Russell-type and
Weber-type modular equations. In the process, he also obtain three new Schläfli-type mixed
modular equations.
Motivated by these, in this paper, we establish certain new Ramanujan’s Schläfli-type
mixed modular equations, by employing Ramanujan’s modular equations and Schläfli
modular equations. We complete this section by recalling some definitions and notations,
which will be used in next section.
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Gn := 2−1/4q−1/24(−q;q2)∞ (1.1)
and
gn := 2−1/4q−1/24(q;q2)∞,
where q = e−π√n, and n is a positive rational number.
We set
P := (256αβγ δ(1 − α)(1 − β)(1 − γ )(1 − δ))1/48, (1.2)
Q :=
(
αδ(1 − α)(1 − δ)
βγ (1 − β)(1 − γ )
)1/48
, (1.3)
R :=
(
γ δ(1 − γ )(1 − δ)
αβ(1 − α)(1 − β)
)1/48
, (1.4)
and
T :=
(
βδ(1 − β)(1 − δ)
αγ (1 − α)(1 − γ )
)1/48
. (1.5)
2. New Ramanujan’s Schläfli-type mixed modular equations
Lemma 2.1. Let
X = q−1/6χ(q)χ(q3) and Y = q−1/3χ(q2)χ(q6).
Then,(
X
Y
)3
+
(
Y
X
)3
= XY − 3
XY
+ 8
(XY)3
− 4
(XY)5
. (2.1)
Proof. From Theorem 2.1 [7], we have, if
A = q−1/6χ(−q)χ(−q3) and B = q−1/3χ(−q2)χ(−q6),
then
B4 − A4B2 − 4A2 = 0. (2.2)
Changing q to −q in the above identity, we obtain
B4 − X4B2 + 4X2 = 0. (2.3)
Eliminating B between (2.2) and (2.3), we find that
(X2 + A2)2(X2A4 − X4A2 + 4) = 0.
Since X2 = −A2, we haveX2A4 − X4A2 + 4 = 0.
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Y 2B4 − Y 4B2 + 4 = 0. (2.4)
Eliminating B between (2.3) and (2.4), we deduce the required result. 
Theorem 2.2. If α,β, γ, δ have degrees 1, 2, 3, and 6, respectively, then
8
[
T 6 + 1
T 6
]
= 16
P 2
− 12P 2 + 8P 6 − P 10, (2.5)
where P and T are as in (1.2) and (1.5).
Proof. From the Entry 12(v) of Chapter 17 [3, p. 124], we deduce that(
X
Y
)
= T 2 and XY =
(
2
P 2
)
,
where X and Y are as in (2.1). Using these in (2.1), we obtain (2.5). 
Lemma 2.3. Let
X := q1/12 χ(q)
χ(q3)
and Y := q1/6 χ(q
2)
χ(q6)
.
Then,
(
X
Y
)12
+
(
Y
X
)12
+
[(
X
Y
)6
+
(
Y
X
)6]
×
[
(XY)10 + 1
(XY)10
+ 16
(
(XY)6 + 1
(XY)6
)
+ 71
(
(XY)2 + 1
(XY)2
)]
= (XY)12 + 1
(XY)12
+ 25
[
(XY)8 + 1
(XY)8
]
+ 200
[
(XY)4 + 1
(XY)4
]
+ 550. (2.6)
Proof. Let γ has degree 3 over α. Then from Entry 12(v) of Chapter 17 [3, p. 124], we
have
X =
[
γ (1 − γ )
α(1 − α)
]1/24
. (2.7)
Let
B = q1/6 χ(−q
2)
χ(−q6) .
Then, from Entry 12(vii) of Chapter 17 [3, p. 124], we have
[
γ 2(1 − α)]1/24B =
α2(1 − γ ) . (2.8)
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γ
α
)1/2
= (XB)4,
(
1 − γ
1 − α
)1/2
= X
8
B4
. (2.9)
From p. 234 of Chapter 19 [3], we have(
γ
α
)1/2
= m(m − 1)
3 + m ,
(
1 − γ
1 − α
)1/2
= m(m + 1)
3 − m . (2.10)
Thus, (2.9) and (2.10) yield
(XB)4(3 + m) − m2 + m = 0
and (
X8
B4
)
(3 − m) − m2 − m = 0.
Eliminating m between above two identities, we obtain
X16B4 + X12B12 − X12 + 6(XB)8 − X4B16 + (XB)4 + B12 = 0. (2.11)
Let
A := q1/12 χ(−q)
χ(−q3) .
Then, from Entry 12(vi) of Chapter 17 [3, p. 124], we have
A =
[
γ (1 − α)2
α(1 − γ )2
]1/24
. (2.12)
From (2.7) and (2.12), we obtain(
γ
α
)1/2
= X8A4 and
[
1 − γ
1 − α
]1/2
=
(
X
A
)4
.
Using above two identities in (2.10), we have
X8A4(3 + m) − m2 + m = 0
and (
X4
A4
)
(3 − m) − m2 − m = 0.
Eliminating m between above two identities, we obtain
X16A12 − X12A16 + X12A4 + 6(XA)8 + X4A12 − X4 + A4 = 0.
Changing q to q2 in the above identity, we have
Y 16B12 − Y 12B16 + Y 12B4 + 6(YB)8 + Y 4B12 − Y 4 + B4 = 0. (2.13)
Eliminating B between (2.11) and (2.13), we obtainC(X,Y )D(X,Y ) = 0, (2.14)
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C(X,Y ) = [(XY)4 − 1][X16Y 4 + (XY)12 + X12 − 6(XY)8
+ X4Y 16 + (XY)4 + Y 12]
and
D(X,Y ) = Y 20X32 − (YX)28 + 16Y 16X28 + Y 4X28 − 25(YX)24 + 71Y 12X24
+ Y 32X20 − 200(YX)20 + 71Y 8X20 + 16Y 28X16 − 550(YX)16
+ 16Y 4X16 + 71Y 24X12 − 200(YX)12 + X12 + 71Y 20X8
− 25(YX)8 + Y 28X4 + 16Y 16X4 − (YX)4 + Y 12.
Setting q = e−π , we have
X = G1
G9
, Y = G4
G36
. (2.15)
From [4, p. 189], we have
G1 = 1 and G9 =
(
1 + √3√
2
)1/3
.
Employing these values in Entries 2.1 and 2.2 of Chapter 34 [4, p. 187], we compute the
values of G4 and G36. Using these in (2.15) and then employing the resulting values of X
and Y in C(X,Y ), we find that C(X,Y ) does not vanish for q = e−π . Thus, by the identity
theorem D(X,Y ) should vanish identically. This completes the proof of the lemma. 
Theorem 2.4. If α,β, γ, δ have degrees 1, 2, 3, and 6, respectively, then
Q24 + 1
Q24
+
[
Q12 + 1
Q12
][
R20 + 1
R20
+ 16
(
R12 + 1
R12
)
+ 71
(
R4 + 1
R4
)]
= R24 + 1
R24
+ 25
[
R16 + 1
R16
]
+ 200
[
R8 + 1
R8
]
+ 550, (2.16)
where Q and R are as in (1.3) and (1.4).
Proof. From the Entry 12(v) of Chapter 17 [3, p. 124], we deduce that
XY = R2 and Y
X
= Q2,
where X and Y are as in (2.6). Using these in (2.1), we obtain (2.16). 
Theorem 2.5. If α,β, γ, δ have degrees 1, 2, 3, and 6, respectively, then
R4 + 1
R4
+ P 2 − 2
P 2
= 0, (2.17)
where P and R are as in (1.2) and (1.4).
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y + 1
y
= 2√2
[
1
x
− x
]
, (2.18)
where
x = [16αγ (1 − α)(1 − γ )]1/8 and y =
[
γ (1 − γ )
α(1 − α)
]1/4
.
This implies
z + 1
z
= 2√2
[
1
w
− w
]
, (2.19)
where
w = [16βδ(1 − β)(1 − δ)]1/8 and z =
[
δ(1 − δ)
β(1 − β)
]1/4
.
From (2.18) and (2.19), we deduce that
yz + 1
yz
+ y
z
+ z
y
= 8
[
xw + 1
xw
− w
x
− x
w
]
. (2.20)
Also, we have
yz = R12, y
z
= Q12, xw = P 6 and w
x
= T 6.
Using these in (2.20), we obtain
R12 + 1
R12
+ Q12 + 1
Q12
= 8
[
P 6 + 1
P 6
− T 6 − 1
T 6
]
. (2.21)
Employing (2.5) in (2.21), we obtain
Q12 + 1
Q12
= − 1
R12
+ 8
P 6
− 16
P 2
+ 12P 2 + P 10 − R12. (2.22)
Eliminating Q between (2.16) and (2.22),
(
8
P 6
− 16
P 2
+ 12P 2 + P 10 − R12 − 1
R12
)2
− 2
+
[
8
P 6
− 16
P 2
+ 12P 2 + P 10 − R12 − 1
R12
]
×
[
R20 + 1
R20
+ 16R12 + 16
R12
+ 71R4 + 71
R4
]
=
[
R24 + 1
R24
+ 25R16 + 25
R16
+ 200R8 + 200
R8
+ 550
]
.
Transferring to one side and then factorizing by using maple, we arrive atC(P,R)D(P,R) = 0,
K.R. Vasuki, T.G. Sreeramamurthy / J. Math. Anal. Appl. 309 (2005) 238–255 245where
C(P,R) = P 2R8 + (PR)4 − 2R4 + P 2
and
D(P,R) = P 10R56 − P 12R52 + 2P 8R52 + P 14R48 + 11P 10R48 + 4P 6R48
− P 20R44 − P 16R44 − 20P 12R44 + 32P 8R44 + P 22R40 − P 18R40
+ 17P 14R40 + 13P 10R40 + 60P 6R40 − P 24R36 − 10P 20R36
− 18P 16R36 − 127P 12R36 + 158P 8R36 + 8P 4R36 + P 26R32
+ 7P 22R32 − P 18R32 + 74P 14R32 − 153P 10R32 + 248P 6R32
+ 16P 2R32 − P 28R28 − 4P 24R28 − 46P 20R28 − 58P 16R28
− 424P 12R28 + 424P 8R28 − 96P 4R28 + 32R28 + P 26R24
+ 7P 22R24 − P 18R24 + 74P 14R24 − 153P 10R24 + 248P 6R24
+ 16P 2R24 − P 24R20 − 10P 20R20 − 18P 16R20 − 127P 12R20
+ 158P 8R20 + 8P 4R20 + P 22R16 − P 18R16 + 17P 14R16
+ 13P 10R16 + 60P 6R16 − P 20R12 − P 16R12 − 20P 12R12
+ 32P 8R12 + P 14R8 + 11P 10R8 + 4P 6R8 − P 12R4 + 2P 8R4 + P 10.
From Entry 12(v) of Chapter 17 [3, p. 124] and (1.1), we have for q = e−π , G1 =
[4α(1 − α)]−1/24, G4 = [4β(1 − β)]−1/24, G9 = [4γ (1 − γ )]−1/24, and G36 =
[4δ(1 − δ)]−1/24.
Thus,
P 2 = 1
G1G4G9G36
and R2 = G1G4
G9G36
.
As in Lemma 2.3, finding numerical values of P 2 and R2 at q = e−π and substituting
them in D(P,R), it can be seen that D(P,R) = 0. Thus C(P,R) vanishes for q = e−π .
Therefore, C(P,R) vanishes in some neighborhood of e−π . So, by the identity theorem
C(P,R) vanishes identically. This completes the proof of the theorem. 
Lemma 2.6. Let
X = q−1/4χ(q)χ(q5) and Y = q−1/2χ(q2)χ(q10).
Then,
(
X
Y
)6
+
(
Y
X
)6
− 16
(XY)2
[(
X
Y
)4
+
(
Y
X
)4]
+ 8
[
1 + 9
(XY)4
][(
X
Y
)2
+
(
Y
X
)2]
= (XY)2 + 49 + 96 − 16 . (2.23)
(XY)2 (XY)6 (XY)10
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B8 − A8B4 − 8(AB)4 − 16A4 = 0, (2.24)
where
A = q−1/4χ(−q)χ(−q5)
and
B = q−1/2χ(−q2)χ(−q10).
Changing q to −q in (2.24), we obtain
B8 − X8B4 + 8X4B4 + 16X4 = 0. (2.25)
Eliminating B between (2.24) and (2.25), we deduce that
(X4 + A4)2(16 − A4X8 + 8(XA)4 + X4A8)= 0.
Since, X4 = −A4, we have
16 − A4X8 + 8(AX)4 + X4A8 = 0.
Changing q to q2 in the above, we have
16 − B4Y 8 + 8(YB)4 + Y 4B8 = 0. (2.26)
Eliminating B between (2.25) and (2.26), and then rearranging, we obtain (2.23). 
Theorem 2.7. If α,β, γ, δ have degrees 1, 2, 5, and 10, respectively, then
64
[
T 12 + 1
T 12
]
− 256P 4
[
T 8 + 1
T 8
]
+ (288P 8 + 512)
[
T 4 + 1
T 4
]
= 256
P 4
+ 784P 4 + 96P 12 − P 20, (2.27)
where P and T are as in (1.2) and (1.5).
Proof. From the Entry 12(v) of Chapter 17 [3, p. 124], we deduce that(
X
Y
)
= T 2 and XY =
(
2
P 2
)
,
where X and Y are as in (2.23). Using these in (2.23), we obtain (2.27). 
Lemma 2.8. Let
X = q1/6 χ(q)
χ(q5)
and Y = q1/3 χ(q
2)
χ(q10)
.Then
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X
Y
)3
+
(
Y
X
)3][
(XY)5 + 1
(XY)5
+ 8
[
(XY)3 + 1
(XY)3
]
+ 19
[
XY + 1
XY
]]
+
(
X
Y
)6
+
(
Y
X
)6
= (XY)6 + 1
(XY)6
+ 13
[
(XY)4 + 1
(XY)4
]
+ 52
[
(XY)2 + 1
(XY)2
]
+ 82. (2.28)
Proof. Let
B := q1/3 χ(−q
2)
χ(−q10) .
Then from Entry 12(v) and (vii) of Chapter 17 [3, p. 124], we have
X =
[
γ (1 − γ )
α(1 − α)
]1/24
, B =
[
γ 2(1 − α)
α2(1 − γ )
]1/24
, (2.29)
where γ has degree 5 over α. From (2.29), we deduce that
(
γ
α
)1/4
= (XB)2,
(
1 − γ
1 − α
)1/4
= X
4
B2
. (2.30)
From Entry 13(xii) of Chapter 19 [3, pp. 281–282], we have
m =
(
γ
α
)1/4
+
(
1 − γ
1 − α
)1/4
−
[
γ (1 − γ )
α(1 − α)
]1/4
(2.31)
and
5
m
=
(
α
γ
)1/4
+
[
1 − α
1 − γ
]1/4
−
[
α(1 − α)
γ (1 − γ )
]1/4
. (2.32)
Employing (2.30) in the above two identities, we have
m = (XB)2 + X
4
B2
− X6
and
5
m
= 1
(XB)2
+ B
2
X4
− 1
X6
,
which implies
X8B2 + (XB)6 − X6 + 2(XB)4 − X2B8 + (XB)2 + B6 = 0. (2.33)
Let
1/6 χ(−q)A := q
χ(−q5) .
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X4A2 =
(
γ
α
)1/4
and
X2
A2
=
(
1 − γ
1 − α
)1/4
.
Employing these in (2.31) and (2.32) and then eliminating m between the resulting identi-
ties, we obtain
X8A6 − X6A8 + X6A2 + 2(XA)4 + X2A6 − X2 + A2 = 0.
Changing q to q2 in the above identity, we obtain
Y 8B6 − Y 6B8 + Y 6B2 + 2(YB)4 + Y 2B6 − Y 2 + B2 = 0. (2.34)
Eliminating B between (2.33) and (2.34), we obtain
C(X,Y )D(X,Y ) = 0,
where
C(X,Y ) = [X2Y 2 − 1][X2Y 8 + +(XY)6 + Y 6 − 2(XY)4 + X8Y 2 + (XY)2 + X6]
and
D(X,Y ) = X10Y 16 − X14Y 14 + 8X8Y 14 + X2Y 14 − 13X12Y 12 + 19X6Y 12
+ X16Y 10 − 52X10Y 10 + 19X4Y 10 + 8X14Y 8 − 82X8Y 8 + 8X2Y 8
+ 19X12Y 6 − 52X6Y 6 + Y 6 + 19X10Y 4 − 13X4Y 4 + X14Y 2
+ 8X8Y 2 − X2Y 2 + X6.
As in Lemma 2.3, we see that C(X,Y ) does not vanish for q = e−π . Thus D(X,Y ) = 0.
Dividing D(X,Y ) = 0, by (XY)8 and then rearranging, we obtain (2.28). 
Theorem 2.9. If α,β, γ, δ have degrees 1, 2, 5, and 10, respectively, then[
Q12 + 1
Q12
]
+
[
Q6 + 1
Q6
][
R10 + 8R6 + 19R2 + 19
R2
+ 8
R6
+ 1
R10
]
= R12 + 13R8 + 52R4 + 82 + 52
R4
+ 13
R8
+ 1
R12
, (2.35)
where Q and R are as in (1.3) and (1.4).
Proof. As in Theorem 2.2, we have
XY = R2 and
(
X
Y
)
=
(
1
Q2
)
where X and Y are as in (2.28). Substituting these in (2.28), we obtain (2.35). 
Theorem 2.10. If α,β, γ, δ have degrees 1, 2, 5, and 10, respectively, then
R6 + 1
R6
+ 5
[
R2 + 1
R2
]
= 4
P 4
− P 4, (2.36)where P and R are as in (1.2) and (1.4).
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y + 1
y
= 2
(
1
x
− x
)
, (2.37)
where
x = [16αγ (1 − α)(1 − γ )]1/12 and y =
[
γ (1 − γ )
α(1 − α)
]1/8
.
This implies
z + 1
z
= 2
(
1
w
− w
)
, (2.38)
where
w = [16βδ(1 − β)(1 − δ)]1/12 and z =
[
δ(1 − δ)
β(1 − β)
]1/8
.
From (2.37) and (2.38), we deduce that
yz + 1
yz
+ y
z
+ z
y
= 4
[
xw + 1
xw
− w
x
− x
w
]
. (2.39)
Also, we have
yz = R6,
(
z
y
)
= Q6, xw = P 4 and
(
w
z
)
= T 4.
Using these in (2.39), we obtain
R6 + 1
R6
+ Q6 + 1
Q6
= 4
[
P 4 + 1
P 4
− T 4 − 1
T 4
]
. (2.40)
Eliminating T between (2.40) and (2.27), we obtain
N + M
(
Q6 + 1
Q6
)
+ L
(
Q12 + 1
Q12
)
−
(
Q18 + 1
Q18
)
= 0, (2.41)
where
N = 64
P 12
− 1
R18
− R18 − 4P
4
R12
+ 8P
8
R6
− 4R12P 4 − 48R
6
P 8
+ 12R
12
P 4
+ 12
R12P 4
+ 8R6P 8 − 48
R6P 8
− 57
R6
− 57R6 + 48
P 4
+ P 20,
M = 24
R6P 4
− 8P
4
R6
+ 24R
6
P 4
− 8R6P 4 − 48
P 8
− 3
R12
+ 8P 8 − 3R12 − 57,
and
L = 12
P 4
− 4P 4 − 3R6 − 3
R6
.
Now, eliminating Q between (2.41) and (2.35) and then factorizing the resultant identity
using maple, we arrive atC(R,P )D(R,P ) = 0,
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C(R,P ) = P 4R12 + 5P 4R8 + P 8R6 − 4R6 + 5P 4R4 + P 4
and
D(R,P ) = P 20R84 + 19P 20R80 + 3P 24R78 − 8P 16R78 + 188P 20R76
+ 54P 24R74 − 148P 16R74 − 11P 28R72 + 1296P 20R72 + 16P 12R72
+ 499P 24R70 − 1384P 16R70 − 191P 28R68 + 7043P 20R68
+ 240P 12R68 − P 40R66 + 11P 32R66 + 2864P 24R66 − 8128P 16R66
− 1617P 28R64 + 31409P 20R64 + 2112P 12R64 − 16P 40R62
+ 168P 32R62 + 10900P 24R62 − 32576P 16R62 + 192P 8R62
+ P 44R60 − 15P 36R60 − 8377P 28R60 + 113772P 20R60
+ 12640P 12R60 − 122P 40R58 + 1170P 32R58 + 27640P 24R58
− 92736P 16R58 + 2304P 8R58 + 15P 44R56 − 169P 36R56
− 29467P 28R56 + 327492P 20R56 + 55104P 12R56 − P 48R54
− 544P 40R54 + 4784P 32R54 + 44212P 24R54 − 191744P 16R54
+ 14848P 8R54 + 98P 44R52 − 842P 36R52 − 73435P 28R52
+ 733646P 20R52 + 173472P 12R52 + 768P 4R52 − 10P 48R50
− 1567P 40R50 + 12773P 32R50 + 34896P 24R50 − 297024P 16R50
+ 55936P 8R50 + P 52R48 + 334P 44R48 − 2458P 36R48
− 132821P 28R48 + 1262570P 20R48 + 387248P 12R48 + 4864P 4R48
− 35P 48R46 − 2960P 40R46 + 22664P 32R46 − 8254P 24R46
− 365392P 16R46 + 131648P 8R46 + 5P 52R44 + 672P 44R44
− 4284P 36R44 − 176865P 28R44 + 1655428P 20R44 + 590032P 12R44
+ 15872P 4R44 − P 56R42 − 56P 48R42 − 3676P 40R42+27420P 32R42
− 39260P 24R42 − 390680P 16R42 + 176384P 8R42 + 1024R42
+ 5P 52R40 + 672P 44R40 − 4284P 36R40 − 176865P 28R40
+ 1655428P 20R40 + 590032P 12R40 + 15872P 4R40 − 35P 48R38
− 2960P 40R38 + 22664P 32R38 − 8254P 24R38 − 365392P 16R38
+ 131648P 8R38 + P 52R36 + 334P 44R36 − 2458P 36R36
− 132821P 28R36 + 1262570P 20R36 + 387248P 12R36 + 4864P 4R36
− 10P 48R34 − 1567P 40R34 + 12773P 32R34 + 34896P 24R34
− 297024P 16R34 + 55936P 8R34 + 98P 44R32 − 842P 36R32
− 73435P 28R32 + 733646P 20R32 + 173472P 12R32 + 768P 4R32
− P 48R30 − 544P 40R30 + 4784P 32R30 + 44212P 24R30
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− 29467P 28R28 + 327492P 20R28 + 55104P 12R28 − 122P 40R26
+ 1170P 32R26 + 27640P 24R26 − 92736P 16R26 + 2304P 8R26
+ P 44R24 − 15P 36R24 − 8377P 28R24 + 113772P 20R24
+ 12640P 12R24 − 16P 40R22 + 168P 32R22 + 10900P 24R22
− 32576P 16R22 + 192P 8R22 − 1617P 28R20 + 31409P 20R20
+ 2112P 12R20 − P 40R18 + 11P 32R18 + 2864P 24R18 − 8128P 16R18
− 191P 28R16 + 7043P 20R16 + 240P 12R16 + 499P 24R14
− 1384P 16R14 − 11P 28R12 + 1296P 20R12 + 16P 12R12 + 54P 24R10
− 148P 16R10 + 188P 20R8 + 3P 24R6 − 8P 16R6 + 19P 20R4 + P 20.
From Entry 12(v) of Chapter 17 [3, p. 124] and (1.1), we have for q = e−π , G1 =
[4α(1 − α)]−1/24, G4 = [4β(1 − β)]−1/24, G25 = [4γ (1 − γ )]−1/24, and G100 = [4δ(1 −
δ)]−1/24.
Thus,
P 2 = 1
G1G4G25G100
and R2 = G1G4
G25G100
.
As in Lemma 2.3, finding numerical values of P 2 and R2 at q = e−π and substituting
them in D(P,R), it can be seen that D(P,R) = 0. Thus C(P,R) vanishes for q = e−π .
Therefore, C(P,R) vanishes in some neighborhood of e−π . So, by the identity theorem
C(P,R) vanishes identically. This completes the proof of the theorem. 
Lemma 2.11. If
X = q−1/3χ(q)χ(q7) and Y = q−2/3χ(q2)χ(q14),
then (
X
Y
)3/2
+
(
Y
X
)3/2
= (XY)1/2 − 1
(XY)1/2
+ 4
(XY)3/2
− 2
(XY)5/2
. (2.42)
Proof. From Theorem 2.3(i) [7], we have if
A = q−1/3χ(−q)χ(−q7) and B = q−2/3χ(−q2)χ(−q14),
then
B2 − A2B − 2A = 0. (2.43)
Changing q to −q in (2.43), we find that
B2 − X2B + 2X = 0. (2.44)
Eliminating B between (2.43) and (2.44), we obtainX2A − XA2 − 2 = 0.
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Y 2B − YB2 − 2 = 0. (2.45)
Now, eliminating B between (2.44) and (2.45) and then dividing throughout by (XY)5/2,
we obtain (2.42). 
Theorem 2.12. If α,β, γ, δ are of degrees 1, 2, 7, and 14, respectively, then
2
√
2
(
T 3 + 1
T 3
)
= 4
P
− 2P + 4P 3 − P 5.
Proof. From the Entry 12(v) of Chapter 17 [3, p. 124], we deduce that
X
Y
= T 2 and XY =
(
2
P 2
)
,
where X and Y are as in (2.42). Using these in (2.42), we obtain the required result. 
Lemma 2.13. Let
X := q1/4 χ(q)
χ(q7)
and Y := q1/2 χ(q
2)
χ(q14)
.
Then,
(
X
Y
)12
+
(
Y
X
)12
+ 16
[(
X
Y
)10
+
(
Y
X
)10][
(XY)2 + 1
(XY)2
]
+ 8
[(
X
Y
)8
+
(
Y
X
)8][
7(XY)4 + 7
(XY)4
− 19
]
+
[(
X
Y
)6
+
(
Y
X
)6]
×
[
(XY)10 + 1
(XY)10
+ 32
(
(XY)6 + 1
(XY)6
)
− 81
(
(XY)2 + 1
(XY)2
)]
+
[
16
(
(XY)8 + 1
(XY)8
)
− 288
(
(XY)4 + 1
(XY)4
)
+ 352
]
×
[(
X
Y
)4
+
(
Y
X
)4]
+
[
296
[
(XY)2 + 1
(XY)2
]
− 256
[
(XY)6 + 1
(XY)6
]
− 8
[
(XY)10 + 1
(XY)10
]][(
X
Y
)2
+
(
Y
X
)2]
+ 1746
= 1
(XY)12
+ (XY)12 + 145
[
(XY)8 + 1
(XY)8
]
+496
[
(XY)4 + 1
(XY)4
]
. (2.46)
Proof. Let
1/2 χ(−q2)B := q
χ(−q14) .
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X =
[
γ (1 − γ )
α(1 − α)
]1/24
, B =
[
γ 2(1 − α)
α2(1 − γ )
]1/24
, (2.47)
where γ has degree 7 over α. From (2.47), we deduce that(
γ
α
)1/2
= (XB)4,
(
1 − γ
1 − α
)1/2
= X
8
B4
. (2.48)
From Entry 19(v) of Chapter 19 [3, p. 314], we have
m2 =
(
γ
α
)1/2
+
(
1 − γ
1 − α
)1/2
−
[
γ (1 − γ )
α(1 − α)
]1/2
− 8
[
γ (1 − γ )
α(1 − α)
]1/3
(2.49)
and
49
m2
=
(
α
γ
)1/2
+
(
1 − α
1 − γ
)1/2
−
[
α(1 − α)
γ (1 − γ )
]1/2
− 8
[
α(1 − α)
γ (1 − γ )
]1/3
. (2.50)
Employing (2.48) in the above two identities, we have
m2 = (XB)4 + X
8
B4
− X12 − 8X8
and
49
m2
= 1
(XB)4
+ B
4
X8
− 1
X12
− 8
X8
,
which implies
−X16B4 − X12B12 + 8X12B8 − 8X12B4 + X12 − 8X8B12 + 18X8B8
− 8X8B4 + X4B16 − 8X4B12 + 8X4B8 − X4B4 − B12 = 0. (2.51)
Let
A := q1/4 χ(−q)
χ(−q7) .
Then, by employing Entries 12(v), (vi) of Chapter 17 [3, p. 124], we deduce that
X8A4 =
(
γ
α
)1/2
and
X4
A4
=
(
1 − γ
1 − α
)1/2
.
Employing these in (2.49) and (2.50) and then eliminating m between the resulting identi-
ties, we obtain
−X16A12 + X12A16 − 8X12A12 + 8X12A8 − X12A4 − 8X8A12 + 18X8A8
− 8X8A4 − X4A12 + 8X4A8 − 8X4A4 + X4 − A4 = 0.
Changing q to q2 in the above identity, we obtain
−Y 16B12 + Y 12B16 − 8Y 12B12 + 8Y 12B8 − Y 12B4 − 8Y 8B12 + 18Y 8B8
− 8Y 8B4 − Y 4B12 + 8Y 4B8 − 8Y 4B4 + Y 4 − B4 = 0. (2.52)
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C(X,Y )D(X,Y ) = 0,
where
C(X,Y ) = (Y 4X4 − 1)(8Y 12X4 + 18Y 8X8 + Y 4X4 + 8Y 12X8 + 8Y 4X12
+ 8Y 4X8 + 8Y 8X12 + Y 12X12 + Y 16X4 + X12 + 8Y 8X4
+ Y 12 + Y 4X16)
and
D(X,Y ) = Y 32X20 − Y 28X28 − 8Y 28X24 + 16Y 28X20 + 32Y 28X16 + 56Y 28X12
+ 16Y 28X8 + Y 28X4 − 8Y 24X28 − 145Y 24X24 − 256Y 24X20
− 288Y 24X16 − 81Y 24X12 − 152Y 24X8 + 16Y 24X4 + Y 20X32
+ 16Y 20X28 − 256Y 20X24 − 496Y 20X20 + 296Y 20X16 + 352Y 20X12
− 81Y 20X8 + 56Y 20X4 + 32Y 16X28 − 288Y 16X24 + 296Y 16X20
+ 1746Y 16X16 + 296Y 16X12 − 288Y 16X8 + 32Y 16X4 + 56Y 12X28
− 81Y 12X24 + 352Y 12X20 + 296Y 12X16 − 496Y 12X12 − 256Y 12X8
+ 16Y 12X4 + Y 12 + 16Y 8X28 − 152Y 8X24 − 81y8X20 − 288Y 8X16
− 256Y 8X12 − 145Y 8X8 − 8Y 8X4 + Y 4X28 + 16Y 4X24 + 56Y 4X20
+ 32Y 4X16 + 16Y 4X12 − 8Y 4X8 − Y 4X4 + X12.
As in Lemma 2.3, we see that C(X,Y ) does not vanish for q = e−π . Thus D(X,Y ) = 0.
Dividing D(X,Y ) = 0 by (XY)16 and then rearranging, we obtain (2.46). 
Theorem 2.14. If α,β, γ, δ have degrees 1, 2, 7, and 14, respectively, then
Q24 + 1
Q24
+ 16
[
R4 + 1
R4
][
Q20 + 1
Q20
]
+ 8
[
7R8 + 7
R8
− 19
][
Q16 + 1
Q16
]
+
[
R20 + 1
R20
+ 32
[
R12 + 1
R12
]
− 81
[
R4 + 1
R4
]][
Q12 + 1
Q12
]
+
[
16
[
R16 + 1
R16
]
− 288
[
R8 + 1
R8
]
+ 352
][
Q8 + 1
Q8
]
+
[
296
[
R4 + 1
R4
]
− 256
[
R12 + 1
R12
]
− 8
[
R20 + 1
R20
]][
Q4 + 1
Q4
]
+ 1746 − 496
[
R8 + 1
R8
]
− 145
[
R16 + 1
R16
]
−
[
R24 + 1
R24
]
= 0.
Proof. From the Entry 12(v) of Chapter 17 [3, p. 124], we deduce that(
X
Y
)
= T 2 and XY =
(
2
P 2
)
,where X and Y are as in (2.46). Using these in (2.46), we obtain the required result. 
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